
A C O U S T I C  O S C I L L A T I O N S  IN A C A V I T Y  W I T H  S O U R C E S  A N D  S I N K S  

Y u .  I .  B a b e n k o  a n d  O.  M.  T o d e s  

This  paper  d e s c r i b e s  a method of obtaining the re laxa t ion  t ime  of f ree  acoust ic  osc i l l a t ions  in a cav i -  
ty of a r b i t r a r y  geomet ry  and also the s tab i l i ty  l imi t  d i rec t ly  f rom a cons ide ra t ion  of the boundary  p rob lem.  
The case  where the sources  and sinks are  s i m i l a r  to a solid wall was inves t iga ted  in [1]. Here  we i n v e s t i -  
gate the more  genera l  case .  The sources  and sinks a re  a s sumed  to be of two types - s i m i l a r  to walls  and 
to holes .  

In [2] a s i m i l a r  examina t ion  was made f rom energy cons ide ra t ions .  In the f inal  r esu l t ,  however,  
there  was an e r r o r  - the acoust ic  energy  c a r r i e d  by the ma in  flow was not a s s e s s e d  co r r ec t l y  (see below). 
A s i m i l a r  e r r o r  a r i s e s  out of the genera l  faults  of the energy  method, which r e q u i r e s  a p r i o r  knowledge of 
all the components  of the energy flux. 

We also cons ider  induced osc i l l a t ions .  

1. F r e e  Osc i l la t ions .  We cons ider  the following ma themat i ca l  model of a gas appara tus .  We have a 
t h r e e - d i m e n s i o n a l  region  (~), f i l led with gas, but not n e c e s s a r i l y  s imply  connected.  On the sur face  of the 
reg ion  the re  a re  d i s t r ibu ted  gas sou rces .  (Henceforth we will use  the t e r m  source  for  both sources  and 
s inks  ; a s ink will be r ega rded  as a negat ive  source) .  The gas in the cavity is  in motion.  We a s sume  that 
the re  is a s t eady- s t a t e  r eg ime ,  i . e . ,  the sum of the outputs of the sources  is  zero.  

The equation for acoust ic  osc i l l a t ions  in  a gas moving with ve loc i t ies  much l e s s  than the veloci ty  of 
sound has the fo rm [3] 

2 t o~cD 0 
A r  ~ v . v r  = �9 (1.1) 

The acoust ic  veloci ty  potent ial  �9 is  defined so that 

0(I) 
u : V(I), p : - - p ' ~ - - - p v  �9 V(I) . (1.2) 

Here v=v (r) is the veloci ty  of the ma in  flow, c is the veloci ty of sound, u and p a re  the veloci ty  and 
p r e s s u r e  in the acoust ic  wave, and p is the dens i ty  of gas f i l l ing the cavity.  

The boundary  condit ion on the sur face  (S) is expressed  in the fo rm of a l i n e a r  re la t ionsh ip  between 
the acoust ic  component  of the n o r m a l  veloci ty  of the gas flow and the acoust ic  p r e s s u r e ,  

u, = B (S) p .  (1.3) 

Here n is the ex te rna l  n o r m a l  to the sur face ;  B(S) is  a quanti ty c h a r a c t e r i z i n g  the acoust ic  p rope r t i e s  
of the source  and is  usua l ly  cal led the acoust ic  conduct ivi ty  of the sur face .  Using (1.2) we r ewr i t e  condi -  
t ion (1.3) in the fo rm 

o$ $) B . ( 1 . 4 )  
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We cons ide r  now the p rob lem of the osc i l l a t ions  given by Eq. 
we obtain the p rob lem for  de t e rmina t i on  of the ampli tude of the acoust ic  potent ial  U(r) 

2ico co 2 
A U - - - j - v .  V U §  (~) 

OU/c~n = - -  (k0pU ~- pv.VU)B (S) 

Note. 

(1.1) and (1.4). Assuming  ~b=Ue iwt 

(1.5) 
(I .6) 

Condition (1.6) d e s c r i b e s  n o t o n l y q u a s i - s t e a d y  laws of the type (1.3), but also uns teady laws.  
F o r  smal l  osc i l l a t ions  the uns t ead ines s  of the law is mani fes ted  in a phase shift between u n and p~ In this 
case  B = B r + i B  i is a complex  quanti ty which depends on the f requency .  F o r  the quas i - s t eady  case B is  a 
rea l  n u m b e r .  F o r  a source  B< 0, for  a s ink B> 0, and for  an idea l ly  r igid,  nonabsorb ing  wall B=0. 

i o e o ~  

(c); 

We will  cons ide r  sources  of two kinds:  I) sources  with low acoust ic  conduct ivi ty ,  

s i m i l a r  to a "solid wal l" .  
II) sou rces  with a low impedance ,  

p~B ~ i (i .7) 

These sources are placed on part of the surface which we will denote by 

pcB >~ l 

s i m i l a r  to holes and placed on pa r t  of the sur face  denoted by (0)~ 

Note. A solid wall  can be r ega rded  as a type I source  for  which Vn=0. 

io e. 

cavity consists of two parts (S=C +O). 

We will also assume that the gas in the cavity moves at low velocities, so that 

(1o5), 

(i .s) 

Thus the whole sur face  of the 

1 ~ ~ i (1.9) 

Assuming that inequalities (1.7)-(1.9) are fulfilled, we can obviously seek the solution of problem 
(1.6) in the form of a sum 

u = uo + ~z~, ~o = COo + ~ ( 1 . 1 0 )  

We a s s u m e  that 

U ~  Uo, ~ 1 ~ 0  (1.11) 

Here U 0, % is the solut ion of the p rob lem in the zero approximat ion ,  

OUo 0 AUo + ~ U o :  0 (~), - ~  = (c), u0 = 0 (0) (1.12) 

We subs t i tu te  (1.10) in (1.5), (1.6). Neglect ing t e r m s  of the second o rde r  of s m a l l n e s s  containing 
squares  and products  of U1, wl, and ~ in the reg ion  (~) and on the sur face  (C) and also the square  t e r m s  
conta in ing  U1/B on the sur face  (O) we obtain the p r ob l e m for  the de t e rmina t ion  of U 1 and e l :  

o05 2i~ 2c00c01 
AUI+ 7 V1= c--~-v. VU0----~---U0 (~) (1.13) 
OUz 
0"-~ = -  io~opBUo (C) (1.14) 

I ~U 0 
B On = - -  ioJo~U~-- pv �9 VV0 (0) (1.15) 
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Hencefor th ,  we wil l  be conce rned  only with the d e t e r m i n a t i o n  of w 1 - t h e  i n c r e m e n t  to the  p u r e l y  
acous t i c  f r equency  w 0. F r o m  the s ign of the i m a g i n a r y  p a r t  of wl we can d e t e r m i n e  the s t ab i l i t y  of the 
s y s t e m ,  and f rom the magni tude  of w 1 we can d e t e r m i n e  the r e l a x a t i o n  t i m e .  

We can obta in  wl f r o m  the p r o b l e m  (1 .13)- (1 .15)  by the fol lowing method .  We c o n s i d e r  G r e e n ' s  
i n t eg ra l  iden t i ty  for  the  r eg ion  (9), app l ied  to funct ions U 0 and U v 

~0 (Uo aUi ~n~ dS (1.16) 

We subs t i tu te  in (1.16) the  e x p r e s s i o n  fo r  AU t f r o m  (1.13), the e x p r e s s i o n  for  AU 0 f r o m  (1.12), t h e  
va lue  of 0U1/an on (W) f r o m  (1.14), and U 1 on (H) f rom (1~ 15). We a l so  t ake  into account  that  on the  s u r -  
face  (W) ~U0/~n=0 and on the su r f ace  (H) U 0 =0. Then f rom (1.16) we obta in  the e x p r e s s i o n  fo r  the i n c r e -  
ment  w 1: 

O)l = + {21II Uo (v " VUo) d~ + II pc2BUo2 dS) + 
C 

+ 70~o--r t ~  Lp--B kT~) + (v. Vuo) -~nJ dS~ 

J=2S!SUo2d9 (1.17) 

We conver t  (1.17) to a m o r e  convenient  form~ We c o n s i d e r  the iden t i ty  

div ( v U o  ~) = Uo 2 div v + 2 (v.vU0) Uo (1 .18 )  

A s s u m i n g  that  t h e r e  a r e  no s o u r c e s  in the  vo lume and the gas  can be r e g a r d e d  as  i n c o m p r e s s i b l e  fo r  
v / c<< l ,  we conclude that  div v=0 .  Then, by us ing  the Gauss  d i v e r g e n c e  f o r m u l a  and (1.18) we obta in  

2II Iu0(v .  VU0) d Q ~  f l  vnU~ (1.19) 
Q C+O 

Next,  f r o m  the fac t  that  on the s u r f a c e  (H) the funct ionU 0 - 0~ i t  fol lows that  ~U0/0el,  2=0 (here e l ,  2 
a r e  unit  v e c t o r s  t angent ia l  to the  su r f ace ) .  Hence,  

OUo OUo OUo OUo 
VUo = --~-n n + -'~l el -F ~ e~ = --~-A- n (1.20) 

Using (1.19) and (1.20) we obta in  f r o m  (1.17) the  main  e x p r e s s i o n  fo r  inves t iga t ing  the s t ab i l i t y  of the  
s y s t e m :  

(1.21) 

Here  we d e l i b e r a t e l y  avoid  cance l l i ng  the  c so that  we s e p a r a t e  the  d i m e n s i o n l e s s  quant i t i es  pcB and 

Vn/e ~ 

The l i t e r a t u r e  conta ins  spec i a l  c a s e s  of f o r m u l a  (1.21) for  the s i m p l e s t  o n e - d i m e n s i o n a l  p r o b l e m  and 
fo r  the c y l i n d r i c a l  p r o b l e m  in the  absence  of a flow. 

It fol lows f r o m  (1.21) that  to i nves t iga t e  the s t ab i l i t y  l i m i t  we need  to know: 1) the  acous t i c  p r o p e r -  
t i e s  of the  s o u r c e s  (B) ; 2) the n o r m a l  component  of the ve loc i ty  of the ma in  flow at the boundary  of the 
r eg ion  (Vn) ; 3) the  acous t i c  f ie ld  in the absence  of s o u r c e s  and s inks  (U0). 

If Imwl > 0, the  p r o c e s s  is  s t ab le ,  and if Imwl< 0 i t  i s  uns t ab l e .  A s s u m i n g  Imwl=0 we can find the 
s t ab i l i t y  l i m i t  of the  s y s t e m .  

We will  d i s c u s s  m o r e  ful ly  the  p h y s i c a l  s ense  of Eq. (1.21).  The f i r s t  t e r m  r e p r e s e n t s  the i n t e r -  
ac t ion  of sound waves  with s o u r c e s  of the wal l  type~ The d e n o m i n a t o r  conta ins  the  e x p r e s s i o n  J,  which i s  
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propor t iona l  to the total  energy  of acoust ic  osc i l l a t ions  in the volume.  The n u m e r a t o r  is  propor t ional  to 
the flux of acoust ic  energy  through the sur face  C in a period~ This  flux cons i s t s  of two components .  The 
f i r s t  gives the ene rgy  flux c a r r i e d  by the waves t hemse lves  and the second that c a r r i e d  by the main  flow. 
That energy  can also en te r  and leave a cavity when sources  i n t e r ac t  with an acoust ic  field is a wel l -known 
fact.  It is accepted also that the ma in  flow leaving  the cavity c a r r i e s  off acoust ic  energy.  Express ion  
(1.21), however,  embodies  a fact which was not obvious beforehand - that acoust ic  energy  can be genera ted  
by the ma in  flow when it en t e r s  the antinode of the p r e s s u r e  wave. (Since in the sources  Vn< 0 the con t r ibu -  
t ion of the co r r e spond ing  t e r m s  in Imw 1 is negativeo) Rayleigh [4] was the f i r s t  to point out the genera l  
poss ib i l i ty  of such genera t ion .  

Raushenbakh [5] showed f rom energy  cons ide ra t ions  that such genera t ion  was poss ib le  in the one-  
d imens iona l  case .  We point out that although genera t ion  by the flow is  expressed  by a sur face  in tegra l  
i t  is a volume fac tor  which is  not connected with boundary  condit ions,  but with the convective t e r m  in the 
wave equation.  We note also that in some special  cases  the flow has no effect on the s tab i l i ty  of the sys t em 
as a whole~ This occurs  when 

C O 

The second t e r m  in (1.21) r e p r e s e n t s  the in t e rac t ion  of the field with sources  of the hole type. The 
f i r s t  t e r m  in the n u m e r a t o r  gives the energy  flux c a r r i e d  ac ros s  the sur face  (O) by waves,  and the second 
t e r m  gives that c a r r i e d  by the ma in  flow. As a l ready  ment ioned,  the authors  of [2] omit ted the t e r m  
~n/c(SU0/~n) 2, which r e p r e s e n t s  sound genera t ion  by the flow en te r ing  an antinode of the veloci ty  wave and 
the r emova l  of energy  by the flow leaving this  antinodeo We note that the genera t ion  r e p r e se n t e d  by this 
t e r m  depends on the boundary  condit ion (1.15), i . e . ,  is a sur face  effect~ 

By the proposed f o r m a l i s m  we can eas i ly  obtain co r r ec t i ons  to the Eqo (1.21) for the var ious  addi-  
t ional  fac tors  taken into account  in the theory  of the p rocess ,  if they have l i t t le  effect on the acoust ics ,  
which is what usua l ly  occurs  in p rac t i ce .  We can eas i ly  take into account  the nonuni formi ty  of the sound 
veloci ty ,  absorp t ion  in the volume,  vo lume sources ,  etc. F o r  ins tance ,  if we take absorpt ion  into account 
by means  of a complex sound veloci ty  c=c  0 +i(r (~<< co), then in the final r e su l t  (1.21) we will have a c o r -  
rect ion,  

f y c ~U~ (1.22) 

It is c l ea r  that absorp t ion  always s tab i l i zes  the p r oc e s s  (the cont r ibut ion  to Imwl is posi t ive) .  F o r -  
mula  (1o 21) au tomat ica l ly  takes  into account the case where  the acoust ic  conductivi ty of the sur face  depends 
on the angle of inc idence  of the wave ($). F o r  this  we m e r e l y  fo rma l ly  rep lace  B by B(6).  

We note that for  c o r r e c t n e s s  of the r e su l t s  of the proposed f o r m a l i s m ,  as A. D. Margol in  showed, 
the local  inequa l i t i e s  (1.7)-(1o 9) are ,  gene ra l l y  speaking,  not suff icient .  The in tegra l  inequa l i t i es  ob-  
ta ined  f rom Eq. (1.21) will have to be fulfilled~ In fact, it was a s sumed  in the deduction that wl << w 0. This 
is  poss ib le  if [see (1.21)] 

1 
C 8 ~ Z~ C 

(I .23) 

(I .24) 

For  ins tance ,  for  longi tudinal  osc i l l a t ions  in a cy l indr ica l  cavity in which the sources  a re  s i tuated on 
the side surface ,  and a s ink on the ends,  we obtain f r ) m  (1.23) the inequal i ty  

pcB + f~-) l 
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Here  l is  the  length of the cav i ty  and d is  i t s  d i a m e t e r .  Thus,  the p r e s e n t  t h e o r y  cannot  be appl ied  
in the  c a s e  of a v e r y  long cy l i nde r .  This  c o r r e s p o n d s  p h y s i c a l l y  to the ca se  where  the ene rgy  accumula t ed  
in the midd le  of the cav i ty  dur ing  a p e r i o d  cannot  be t r a n s f e r r e d  to the wal l s  dur ing  th i s  pe r iod .  

2. Induced Osc i l l a t i ons .  We will  a s s u m e  that  o s c i l l a t i o n s  a r e  exc i t ed  on the boundary  of the cav i ty  
by a p e r i o d i c  change in the  ve loc i ty  of the gas  outflow. Such a c a s e  o c c u r s  in the ea se  of an o s c i l l a t i n g  
m e m b r a n e  o r  s i r e n .  (The ca se  where  the p r e s s u r e  changes  on the bounda ry  of the  r eg ion  can be c o n s i d e r e d  
in the s a m e  way . )  

Ins tead  of (1.3) we will  have the  bounda ry  condi t ion 

00 (0o ) 
On - -  P '~"  + p v "  V o  B ( S ) - - A ( S ) e  i~ (2.1) 

w h e r e  A(S) - the  ampl i tude  of the  induced ve loc i t y  o s c i l l a t i o n s  - i s  a f a i r l y  s m a l l  quanti ty,  c h a r a c t e r i z e d  by 
the inequa l i ty  

A l c ~ l  

We wr i t e  the  so lu t ion  in the f o r m  of a s t eady  p r o c e s s  ~=Ueiwt .  
U then r e d u c e s  to so lu t ion  of Eqo (1.5) with condi t ions  

(2.2) 

The p r o b l e m  of f inding the ampl i tude  

ou 
On = -  ioJpBU--A (C) (2.3) 

I 0U 
B on --  ~(0pu--pv. VU (o) (2.4) 

In the deduct ion  of (2.3) and (2.4) we neg lec t  t e r m s  of the second o r d e r  of s m a l l n e s s ,  as  was  done 
in the  deduct ion  of (1.14),  (1o 15). We note that  in (2.4) the  t e r m  conta in ing  the exc i t a t ion  ampl i tude  A has  
d i s a p p e a r e d .  This  m e a n s  that  gene ra t ion  i s  p roduced  only by  s o u r c e s  of the  wal l  type .  (In the  e a s e  of e x -  
c i ta t ion  by  p r e s s u r e  o sc i l l a t i ons ,  on the o the r  hand, s o u r c e s  of the  hole type a r e  i m p o r t a n t . )  

We apply  G r e e n ' s  iden t i ty  to funct ions  U and G, where  G i s  an a r b i t r a r y  funct ion at p r e s e n t :  

Subst i tut ing h e r e  AU f r o m  (1.5),  ~U/0n f rom (2.3),  and U f r o m  (2.4),  we have 

210) v 

= ' 5 - - ~  d' 
C O 

It fol lows f r o m  (2.5) that  the  so lu t ion  of the  p r o b l e m  for  U depends  c o n s i d e r a b l y  on whe the r  w i s  
c lo se  to the f r equency  of na tu ra l  o s c i l l a t i o n s  in the p u r e l y  acous t i c  p r o b l e m  (1.12).  

Case  1. The quant i ty  co is  not the na tu ra l  f requency .  It can be seen  f rom (2.5) that  U is of the s a m e  
o r d e r  of s m a l l n e s s  a s  A. Neg lec t ing  t e r m s  of the second  o r d e r  of s m a l l n e s s , w e  obta in  

= o + (2.6) 

Since G is  an a r b i t r a r y  function,  U is  the  s o - c a l l e d  g e n e r a l i z e d  so lu t ion  [6] of the p r o b l e m  

O)o ~ 0 U  
a U + . - ~ - u = o  (~), 0---~=--A (C) ,  U = 0  (0) (2.7) 
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It follows f rom (2.6) or  (2.7) that the osc i l l a t ions  occur  as if there  were  no sources  or s inks .  The 
ampli tude of the osc i l l a t ions  is a smal l  quanti ty of the o rde r  of A. 

Case 2. The quant i ty  w is often close to the na tura l  f requency w 0 of the p rob lem (1.12), io e . ,  w = w 0 + 
~1 (ozl<<w0). In this  case we can take G-~U 0, where U 0 is the solut ion of p rob lem (1.12). In this  case (2.5) 
is converted to 

c 0 

The l a t t e r  does not de t e rmine  U uniquely  and, hence, we use the fact that 

(2.s) 

U (r) = U0 (r) const (2.9) 

which is  accura te  to quant i t ies  of the f i r s t  o r de r  of s m a l l n e s s  in compar i son  with U0~ This follows f rom a 
cons ide ra t ion  of the p rob l ems  (1.5), (2.3), and (2.4) by the F o u r i e r  method and means  phys ica l ly  that the 
fo rm of the induced osc i l l a t ions  at r e sonance  f requency  is the s ame  as the co r re spond ing  form of the free 
osc i l l a t ions .  Subst i tut ing (2.9) in (2.8) we find the constant  and, hence, U(r). Using (1.19) and (1.20), we 
wri te  the f inal  exp re s s ion  for the ampl i tude  of induced osc i l l a t ions  at f requency  w 0 +w F 

C 

+ § - /-)  \-~-n ) 
(2.10) 

The ampl i tude  of such osc i l l a t ions  is an o r de r  higher  than in case i and conveys in fo rmat ion  about 
the sources~  We note that the fo rmu la  is t rue  only for  a s table  sys tem.  Near  the s tabi l i ty  l imi t  the denom-  
ina to r  tends  to zero ,  and the solut ion becomes  nonsense  if t e r m s  of the second o rde r  of s m a l l n e s s  a re  
neglected.  

For  p rac t i ca l  purposes  it is convenient  to have (2.10) in rea l  notat ion.  F o r  the p r e s s u r e  ampli tude 
we have the exp re s s ion  P = - i w p U  (here we omit  the smal l  t e r m ~ v  o~U). We also take into account ab-  
sorp t ion  in the volume,  as was done in the deduction of (1.22). If the ra te  of induced v ib ra t ions  of the 
veloci ty  v a r i e s  accord ing  to a N cos wt law, the p r e s s u r e  v a r i e s  as ~ cos(wt - ~ ) .  

The p r e s s u r e  ampl i tude  P and phase shift �9 are ,  r e spec t ive ly ,  

P :  ~ f D ~  E ~ A P o d $ .  Po(r), ~ p : - - a r c t g - ~ -  (2.11) 
C 

SIS ~ 2o~0 -/- P02 d~q 

c 0 

(2.12) 

Here, 

/I I 

We note that P0 differs  f rom the solut ion U 0 of p rob lem (1.12) only by an ins ign i f ican t  constant  factor .  
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It fol lows f r o m  (2.11) that  in the ca se  of a s l o w - m o v i n g  (quas i - s t eady)  pos i t ion  of the r e s o n a n c e  the 
m a x i m u m  is  a t ta ined  at  a f r equency  of w 0 +w z, whe re  

(2.13) 

Equat ions  (2 .11) - (2 .13)  can be used  to d e t e r m i n e  the acous t i c  c h a r a c t e r i s t i c s  Br(~) and Bi(~) of the 
sou rces~  F o r  an inves t iga t ion  of the s t ab i l i t y  it  i s  impor t an t  to know the r ea l  p a r t  of the  acous t i c  conduc-  
t i v i ty  on a su r f ace  of the  wall  type  and the r e a l  p a r t  of the impedance  on a s u r f a c e  of the  hole type .  The 
mos t  convenient  e x p e r i m e n t a l  method of d e t e r m i n i n g  t h e s e  quant i t i es  c o n s i s t s  in the  fol lowing,  The f r e -  
quency w of the induced o s c i l l a t i o n s  is  v a r i e d  s lowly  in a q u a s i - s t e a d y  manne r ,  so that  the s y s t e m  p a s s e s  
through r e s o n a n c e .  The ampl i tude  of the  induced o s c i l l a t i o n s  p a s s e s  th rough  a m a x i m u m ,  which is  s y m -  
m e t r i c  r e l a t i v e  to the f r equency  ~o0+co 2. It fol lows f rom (2 .11)- (2 .13)  that  the  r e a l  p a r t  of the acous t i c  
c h a r a c t e r i s t i c s  can  be  d e t e r m i n e d  uniquely,  fo r  ins tance ,  f r o m  the width of the  r e s o n a n c e  peak  (2w*) at  
hal f  height ,  

c s 1 1 j_ 

§ -~ (2.14) 

The i m a g i n a r y  p a r t s  of the acous t i c  c h a r a c t e r i s t i c s  of the s o u r c e s  do not affect  the shape  of the  peak  
and m e r e l y  l ead  to a shif t  in r e l a t i o n  to f r equency .  F o r  the  o n e - d i m e n s i o n a l  c a s e  th is  method of d e t e r -  
min ing  the acous t i c  c h a r a c t e r i s t i c s  is  well  known in a c o u s t i c s  [7]. 

Equat ion (2.14) g ives  an i n t e g r a l  c h a r a c t e r i z a t i o n  of the s o u r c e s .  Hence,  to d e t e r m i n e  the c h a r a c t e r -  
i s t i c s  of one of the s o u r c e s  we need to know in the g e n e r a l  c a se  the c h a r a c t e r i s t i c s  of the  o the r  s o u r c e s .  
In spec ia l  e a s e s ,  w h e r e  s o u r c e s  of the wall  type  a r e  p l aced  at the  p r e s s u r e  nodes ,  and s o u r c e s  of the hole 
type  a r e  p l a c e d  at the ve loc i ty  nodes ,  the c h a r a c t e r i s t i c s  of t h e s e  s o u r c e s  need  not be  known~ 
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2. 

3. 
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